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ABSTRACT

In this article, the mathematical model for dengue
disease transmission involving the aquatic life cycle was
studied. Further, the equilibrium points of the
mathematical model developed were determined and the
stability criteria were also derived. The criteria above
mentioned were dependent on the basic reproduction
number which was defined as the expected value of
susceptible individual got infected caused by a single
infected individual. The results show that the disease-free
equilibrium is locally asymptotically stable when Ry < 1
and the endemic equilibrium is locally asymptotically
stable when R, > 1. Numerical simulations are provided to
show the dynamics of both human and mosquito
populations upon changes of particular parameter values.

Keywords— Dengue, Aquatic, Basic reproduction
number

l. INTRODUCTION

Dengue is a disease transmitted by infected
Aedes aegypti mosquito through its bites carrying one of
the four dengue virus serotypes called DEN-1, DEN-2,
DEN-3 and DEN-4 [1, 2]. The disease transmission
requires short period of time to spread and may cause
death rapidly.

In this article, the transmission process was
studied through mathematical models. Esteva [3]
developed mathematical model of dengue transmission
considering two different type of dengue viruses.
Derouich et al. [4] formulated a mathematical model
with a succession of two epidemics caused by two
different viruses. Nuraini et al. [5] showed the internal
process of dengue virus transmission in the human body.
Pongsumpun [6] modeled the transmission of dengue
with and without considering the extrinsic incubation
period. Based on [6], Tumilaar et al. proposed a
mathematical model of the transmission of dengue
disease with intrinsic incubation, combination of

intrinsic and extrinsic incubation to the dynamics of the
transmission of disease dengue [7].

In this article, the mathematical model as
described in [7] was modified considering the exposed
stage both in human and the mosquitoes life cycle. Also,
the mosquitoes aquatic life cycle was considered in this
article since the process plays as important rule on the
disease spread [8]. The latest component was found to
the absent in the models developed in [6] and [7].

1. MATHEMATICAL MODEL

The human populations are divided into four
compartments. These compartments include: susceptible,
(S™), exposed (E™), infected, (I"), and recovered, (R").
The populationof  mosquito is divided into four
compartments namely aquatic mosquitoes (AY),
susceptible (S?), exposed (E?), and infected (I7). Here,
we assumed that the total human populations remain
constant because the birth rate equal to the mortality
rate. The daily mosquito bites demoted as b was
assumed not infected even from infected mosquitoes. It
was also assumed that infected mosquitoes never get
recovered, while the recovered humans are still posible
to be susceptible and be infected.

The following are the parameters that exist in
the model: N is the total number of human population,
N,, is the total number of mosquitoes population, y;, is
human mortality rate, u, is the mortality rate of adult
mosquito, u, is the average aquatic mortality rate, A, is
the birth rate of the human population, &, is the average
aquatic transition rate, K is the mosquito carrying
capacity, k is the fraction of adult mosquito hatched rom
all eggs, with 0 < p < 1, u;, is the average oviposition,
Bry 1S the transmission probability from infected humans
to susceptible mosquitoes, f,, is the transmission
probability from infected mosquitoes to susceptible
humans. We assume that the populations of exposed
humans and mosquitoes become infectious at a rate n,
and n,,, respectively.
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The compartment diagram for modifications
model is shown in Figure 1.

Figure 1: The diagram of modified dengue transmission
model (adopted from [7] and [8]).

Model of dengue transmission in Figure 1
formulated in a system of differential equations as
follows:
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with

Ny =SP+E"+1"and N, = SV + EV + I".

Furthermore, we have proven that the system
(1) is positive region solution, by following Lemma 2.1.
Lemma 2.1
The set
Q= {(S" E" 1" R" AV, SV, EV,I") € RS:S" + EM +
I"+R">0and A” > 0,5” = 0,EY = 0,I” > 0} is the
positive region solution.

I11.  ANALYSIS MODEL

The analysis of the equilibrium points on the
system (1) were obtained two types of equilibrium point,
namely the disease-free equilibrium and endemic
equilibrium.

3.1 The disease-free equilibrium E,

The disease-free equilibrium E; of the system

(1) is given by

El(SflE:lllflRflA‘,:lsflErlIl]) =

NrA PUBOy—UySy—Uplh
E( h,0,0,0,K bOv—HyOvp va,
6
Up PUpOy

PUpSy—HySy—HUylla
K ( Plbiy ) 0,0 )

To analyze the stability of the equilibrium
points, we need to compute the basic reproduction
number of model, R,. Basic reproduction number, R, is
the expected value of susceptible individual got infected
cause by a single infected individual. We calculated the
basic reproduction number by using the next generation
operator approach by Van Den Driessche and Watmough
[9]. The next generation matrix, G, is defined as:

G=Fy1
with
bﬁvh
0 0 0 —(1-c)st
0 0 0 0
F =
| bBuw ) I
\0 (1-2)S" 0 0 /
Nr
0 0 0 0
and
Un + 7 0 0 0
v —Np  Hpt+T 0 0
B 0 0  p+m O
0 0 My Uy
Thus
0 0 a a,
o 0o o o
¢= a; a, 0 0
o 0 0 o0
with
_ b(1—c) BynnvAn
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as = Nr(r+un) M+ ) iy (o + i) ’
_ b(1=0)Bynin
a2 = Hhlvy
K(8y+ua) Kév
b(l_z)ﬁh”(_W+W)
a4 = Nr(r+up)

The basic reproduction number is the largest
eigenvalue of G = FV ™1, thus we get

Ry = \/N b2(1-¢)(1-2) BrwBvrnNvAnK 8y (1 _ 1 )

THpUR(T+UR) M+ Ry (Mt hy) iy Rm
3)
or
§=R2= b2 (1~¢) (1~2) BryBunNn v AnK 8y ( _ L)
O ™ Nrpupun(r+un) Mh+in) ity o+ o) iy Rm
with
RM _ pllbé‘-,; (5)

N (6p+ua)ty
The value of Ry, > 1 was set as necessary
condition in order to obtain the R, are not imaginary
value.
Theorem 3.1
The DFE E; of the system (1) is locally
asymptotically stable if and only if R, < 1.
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Proof. To determine the stability of E;, the Jacobian
matrix of DFE E;, Jg, given

Ju 0 0 0 0 0 0 Jg
0 J, 0 0 0 0 0 [y
0 J32 Js53 0 0 0 J3;; O
0 0 Ju; Jaw O O 0 O

Ji=1 0 0 0 0 Js 0O 0 o0
| 0 0 Jes O Jes Jos O O |
\o 0 J;s 0 0 0 J, O
0 0 0 0 0 0 Jg Jes

with

Ji1 = —Un,
b(1=¢) BynA

]182_( C)ﬁhh’

Hn
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_ b(1-0)Bynin

28 —

Hn

J32 = N,
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Jaa = —thn,

_ K(6ptpa)+pNyup
Jss=———
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and the characteristic polynomial of the matriks Jz are
determined by is det(Jg,) = 0'is

(=11 + D (g + V(=55 + D (o + V(2" +
G2+ %+ q3A+q,) =0 (6)

Thus, there are eight eigenvalues and four of
them are negative, that are

A =J11 = —Hn,

Ay =Jas = _ﬂ% )
K(8p+1a)+DN,

/13=]55=_ v#x;{l’vlr‘b,

Ay = Joo = —Uyp-

Meanwhile the four other eigenvalues were
obtained by solving equation below

(_/14 + q113 + ‘Iz/12 + @A +q,)=0 O]
where

1= —T —Np — My — 2Up — 20y,

Gz = —(pn +7)(un +1p) — (Wp + 1)y + 1) —

(un +Mp) (Hy + 1) — (Hp + TNy —
(un + )y — (U + 1)1y

g3 = —(n + 1) (un + 10) (y + 1) — (Un +
) (n + M)y — (n + 1) Wy + 1)ty — (s +
Nr) (y + 1)y,
qa = (r + ) M + )My + 1)y (§ = 1) = :R(Z)(B)
The roots of the equation (7) are the other
eigenvalues namely As, A4, 4, and Ag. Based on the
properties of the roots of the equation (7), we gained that
the roots of equation (7) satisfy the following equations
[10].
As + A6 + A, + A5 = q4,
Ashe + AsA; + AchAg + A, + Aghg + 1,15 = —q4,
AsAehAy + AsAgAg + AgA74g = @3,
AsAeAr g = —qa 9)
As shown, q; < 0, then

ds+ A+ A+ 25 <0 (10)

This denote one of them must be negative, let
As < 0. Furthermore, to check the equilibrium stability,
we just need to notice the negativity of 44, 4, and Ag.

In order to fulfill the stability criteria R, was
set as R, < 1 which means that £ < 1 (as in 4). Based
on the equation (8), if £ < 1 then g, < 0, we obtain

AsAgAzAg > 0 (11)

The condition (11) is satiesfied only if As4, > 0 and
AzAg > 0,0r Asdg < 0and 2,45 < 0.

Because A5 < 0 then A, that satisfy the conditions (9) is
A < 0.

As shown, g5 < 0, then we obtain
AsAA; + AsAgdg + AgA,Ag < 0
or
Asde(A; + Ag) + AgA; g < 0. (12)

The inequality (12) is satisfied if 1514(4, + Ag) < 0 and

As assumed before, A < 0. Also, it was showed that
Ae¢ < 0. Thus, we get

(A + Ag) < 0 and A, > 0 (13)

The condition (13) can be satisfied if and only if
A; <0 and Ag < 0. Thus, we know that all of the
eigenvalue are negative. Therefore, if R, < 1, then the
disease-free equilibrium E; of the system (1) is locally
asymptotically stable.

]
3.2 The Endemic Equilibrium
The endemic equilibrium of the system (1) is

given by
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Theorem 3.2

If R, > 1, then endemic equilibrium E, is
locally asymptotically stable.

Proof. The Jacobian matrix at E, of the system (1) is
given by

0 0 0 0 0 agg
0 0 0 0 0 ayg
azgz; O 0 0 0 0
ayz ay O 0 0 0
0 ass 0 0 0

4
0
agz 0 ags agg O 0
0
0

The characteristic polynomial of the matriks Jg,
are determined by det(Jg,) = 0 is
(ass = (ass = A) ((az = D@z, — Dlazs —
N(ass — D (az; — A)(agg — A) + azyag;(asear3 —
Ag3A76 — a73/1)(a18a21 + azg(—a;; + A))) =0.
The two eigenvalues are obtained A; = a,, = —up,

A, = ags = —p,, and the six other eigenvalues were
obtained by solving characteristics equations following:

(2% + P + p A + P+ puA? + psd +ps) =0

Based on the Routh-Hurwitz criterion [11], the equation
(15) of the endemic equilibrium E, is stable if fulfill the
stability criterion below

p1>0,p,>0,p3>0,p,>0,ps >0,p >0and

P1D2P3PaPsPs — P3PaPsPs — PiP2sPsPe — P1P3PEDs +
D2P3DEDes + 2P1DaPEPs — P3Ps — P1D2D3DE + DIDE +

PiP3PaPé + 20 P,psPé — 3p1P3Pspé — pipe > 0
(16)

Noted that if R, > 1, then p; >0, p, >0, p; >0,
P4 >0, ps >0, and ps > 0. Further, p;p,p3pabspe —
P3DaPsDs — PIDiPsPs — P1P3DEPs + P2P3PE D6 +
2D1P4PEPs — PEDe — P1D2D3PE + D3PE + PIP3PaDE +
2pip2pspé — 3p1pspspé — pivé > 0 if Ry > 1. Thus,
if R,>1 then the condition (16) is satiesfied.
Therefore, by Routh-Hurwitz criterion the endemic
equilibrium E, for system (1) is locally asymtotically

| stable if R, > 1. -
az3 0 az a;; O /
0 0 0 agy; agg
(a) S } (bYE™ : () In
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Figure 2: Dynamics of human populations and the population dynamics of mosquitoes for the disease-free equilibrium

IV.  NUMERICAL SIMULATION

Simulations were to justify the stability
properties of the equilibrium points based on the

theorem in section 3 and to see the influence of
parameter variations in dynamics system. The initial
value of S"(0) = 479960, E"(0) =30, I"(0) = 10,
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R"(0) =0, A”(0) =1440000, S”(0) = 1440000,
E¥(0) = 0 and IV(0) = 0.
4.1 The population dynamics of human and mosquito
for the disease-free equilibrium

The parameters used in this simulation for the

disease-free equilibrium were u, =11.2, u, = 0.08,

Hq = %’ 617 = 008r Ny = 002, Up = 000004,

Nw=017,7 =2 p =078, A, = 0.00004, B, = 021,

Byn = 0.21, K = 1440000, b = 0.6, ¢ = 0.2, z= 0.3
(taken from [8] and [12] ). Based on the parameters, we
acquired the basic reproduction number R, =
0.438649 < 1 and the disease free equilibrium
Ei(SMEMNIMNRE AY,SYELIY) =
E;(480000,0,0,0,1385604.39,1385604.39,0,0).

The simulation results for the human
population and the mosquito population for the disease-
free equilibrium.

In Figure 2a it can be seen that the susceptible
humans population rapidly decrease in the begining of
time simulation, then the population increase with time
and finally approaching the disease-free equilibrium.
The exposed humans population rapidly decrease in the
begining of time simulation, and continuously decrease
until to the end of simulation time (Figure 2b). The
infected humans and the recovery humans population,
rapidly increase in the begining at time simulation, then
the population decrease with time and finally
approaching the disease-free equilibrium (Figure 2c-2d).

The mosquitoes aquatic population in short time
decrease in the begining at time

(@) 5" l

(b)E"
[T

simulation and then approaching the disease-free
equilibrium (Figure 2e). The susceptible mosquitoes
initially increase in the begining at time simulation
and then approaching the disease-free equilibrium
(Figure 2f). The exposed mosquitoes and infected
mosquitoes population initially increase, but the
population increase with time and finally approaching
the disease-free equilibrium (Figure 2g-2h). The results
are consistent with Theorem 3.1 that the disease-free
equilibrium
Ey(SMEMNIM R AY, ST EY,IY)
= E,(480000,0,0,0,1385604.39, 1385604.39,0,0)

is locally asymptotic stable if R, < 1.
4.2 The population dynamics of human and mosquito
for the endemic equilibrium

The parameters used in this simulation for the
endemic equilibrium were u, = 11.2, u, = 0.08, u, =
, 8, =0.08, n, = 0.2, up = 0.00004, n, = 0.17, r =
. p=0.78, 1, = 0.00004, B,, = 0.21, B,, = 0.21,
K = 1440000, b =0.8, ¢ = 0.2, z = 0.3 (taken from
[8] and [12]). Based on the parameters then acquired the
basic reproduction number R, = 1.10529 > 1 and the
point remains endemic

E,(SI, EL I RE, AV, SEEX, IV) =
E,(392918,20.4851,10.4462,87051.4,1385604.39,

The simulation results for the human and mosquito
populations for the endemic equilibrium are shown in

Figure 3.
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Figure 3: The dynamics of human populations and the population dynamics of mosquitoes for the endemic equilibrium

The susceptible humans population initially
increase in short time, then occur fluctuations and finally
approaching the endemic equilibrium (Figure 3a). The
exposed humans population initially decrease but after

certain time occur fluctuations, then approaching the
endemic equilibrium (Figure 3b). Similarly occur to the
infected humans population and the recovered humans
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population, the two populations occur fluctuations, then
approaching the endemic equilibrium (Figure 3c-3d).

The mosquitoes aquatic population in the beginning of
simulations decrease until approaching the endemic

equilibrium  (Figure 3e). Similarly occur to the
susceptible mosquitoes population, the susceptible
mosquitoes  population initially decrease, then

approaching the endemic equilibrium (Figure 3f). While
the infected mosquitoes and exposed mosquitoes
population, initially increased and occur fluctuations,
then finally approaching the endemic equilibrium
(Figure 3g-3f). The results are consistent with Theorem
3.1 that the endemic equilibrium

E, (Sl EL, I, RE, AV, SEEX IV) =
E,(392918,20.4851,10.4462,87051.4,1385604.39,
1385560.07,12.6646,31.6614)

is locally asymptotic stable if R, > 1.
4.3 The influence of the number of eggs produced from
each compartment per capita (i)

There are three variations of parameter w, was
observed, taken from interval [0-11.2] from [8], and the
values of other parameters for the diesease-free
equilbrium and the endemic equilibrium is fixed. Figure
4 and 5 shows the effects that occur if the number of
eggs produced decreased.

Figure 4: The effect of u, to the infected humans population, the mosquitoes aquatic and the infected mosquitoes for the
diesease-free equilibrium

5 1.40 » 10° |

(a) I™ 135 % 107

(b) A%

20 <0 50 80

Tire {Dsy}

—_— py, =112

Time {Day} Time (D

Hp =72 — Hp =232

Figure 5: The effect of , to the infected humans population, the mosquitoes aquatic and the infected mosquitoes for the
endemic equilibrium
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—_— Hp=11.2 =72 — Hp =32

Based on Figure 4a and 5a we can see that
decreasing of the number of eggs produced causes the
number of the infected humans is on the wane. The same
thing occurs to the mosquitoes aquatic (Figure 4b and
5b) and the infected mosquitoes (Figure 4c and 5c). This
implies that decreasing of the number of eggs produced
helping reduce the rate of spread of dengue disease.

4.4 Effect of the mortality rate from mosquitoes aquatic
(1a)

There are three variations of parameter p,was
observed taken from interval [0.01-0.47] from [8], and
the values of other parameters for the diesease-free
equilbrium and the endemic equilibrium is fixed. Figure
6 and 7 shows the effects that occur if the mortality rate
of mosquitoes increased.

Figure 6: The effect of p, to the infected humans population, the mosquitoes aquatic and the infected mosquitoes for the
desease-free equilibrium
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Figure 7: The effect of u, to the infected humans population, the mosquitoes aquatic and the infected mosquitoes for the
endemic equilibrium
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(d) 1"

(e) A”

(Hrr
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Based on Figure 6a we can see that increasing of
the mortality rate from mosquitoes aquatic causes the
number of the infected humans for the diesease-free
equilibrium is not too different. While the number of the
infected humans for the endemic equilibrium occur
change the number of population is decreasing (Figure
7a). The mosquitoes aquatic (Figure 6b and 7b) and the
infected mosquitoes (Figure 6¢ and 7c) population is
decreasing. This implies that increasing of the mortality
rate from mosquitoes aquatic helping reduce the rate of
spread of dengue disease.

V. CONCLUSION

The mathematical model involving the
transmission of dengue disease with aquatic life cycles
was considered to describe the transmission of dengue
disease. The mathematical model of dengue disease
involving aquatic life cycle has two equilibrium points,
then namely the disease-free equilibrium and the
endemic equilibrium. If R, <1, the disease-free
equilibrium E; is locally asymptotically stable. The
endemic equilibrium E, is locally asymptotically stable
if R, > 1. The decrease of y,; and the increase of yu, can
help reduce the rate of disease transmission in the
population so that there is no outbreak in the population.
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