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ABSTRACT
In this chapter, we generate a twin result on Il INTRODUCTION
positive solutions for boundary value problems.
We present the following assumptions and
Keywords-- Value, Boundary, Theorem lemmas that are used for proving our main theorem.

For a constant O € (0, lj :

2
let
o=min{{w(t):5<t<1-5},
I=[w.
1-6
P =max [ G(t,9)h(s)ds,
)
and

K,={xeK:x({t)>o|x|,0<t<1-6}.
LEMMA: B

Suppose (A1) holds, for V(t) eC ([0,1]) , V(t) >0, then the problem

XM (t)+v(t) =0, —(L1)

with the boundary conditions (1.2) - (1.4) has the unique solution

X(t) =[Gt s)v(s)ds. t[0.1]. S
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LEMMA: C

For (t, S) S [0,1}([0,1] , We have

g(t,s)<Lg(t.0),

5 (1.3)
g(t,s)<Lg(s,s),
where L >1 is given by
L =max<1, A , B, } > (1.4)
{ B +o B, +a,

LEMMA: D

If X(t) is a solution of boundary value problem (1.1) — (1.4), then we have

X(t) = £x|w(t) >0, te(0,1) - (15)

where

w(t) :}G(t,s)h(s)ds and

&= P >0.
L* || (8, + ) (B, + )
PROOF:
Obviously, W(t) is the unique solution of Equ. (4.1) with boundary conditions (1.2) — (1.4) for V(t) = h(t) .

Then from lemma (B) and Equ. (1.1.1) and Equ. (1.3),

we have

XA (t) = } g(t,s)v(s)ds

} %(Oflt +B)[a,(1-s)+ B, ]v(s)ds,t <5

j.%(als +p) [052 1-t)+ ﬂZJV(S)dS, s<t
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Zf:gfj (aus+ ) o, (L=8)+ B, |v(s)ds,  t<s

\Y

azgz :_);ZﬁZ I (0518 +ﬂ1 a2 (1 S) +ﬂ2:|v(s)ds s<t

> (alt +131)[0‘2 1-1) +182

Bra) Bor) jg(s s)v(s)ds

)(alt +ﬂ1)[a2 (1-t) "‘ﬁz]

_ P
(B foray) Y

> =17 +Z ”))35' — jg(t s)ds

2 t,s)h(s)ds
QU e PeiERle
= §||X||\N(n_2) ®.
since X(t) and W(t) satisfy the boundary condition (1.2), then we have

t Ths r

X =] [ ..[ X2 (s)dsdzy....dz,
00 0

=& x| w(t)
Therefore X(t) > f”X”W(t) >0, for O<t<l,

Hence the proof of the lemma.
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THEOREM: 1.1

Assume that there exist some constants d=>0, b1 >a,a, 2 0, and

R>oR>r+bdl >r>M >0 such that

(i) f(t,x)=>—-d for 0<t<1 Mw(t)<x<R,
where M1=max{M,r§};

) M o ho r |
AT ’
Ost<l N{d+ max f(t,X)
0<t<1
Mw(t)<x<r

(i) 0< R =a,.
P[d+ min f(t,X)}

O<t<l-o
o‘R—bldISXSR

Then boundary value problem (1.1) — (1.4) has at least twin positive solutions y1 and y2 satisfying
O<Mw() <y, (),[y,|<r, and r<|y,|<R, 0<t<1, - (@)
provided that max{ai, 82} <A< bl
PROOF:

We define the auxiliary functions F(t, X) and F*(t, X) as

f(t,x), X > Mw(t),

F{tx) :{ £ (t, MW(t)), X< Mw(t)

and  F7(t,X)=d +F(t,x—Adw(t)). - (17)
Then we have

min F”(t, Mw(t)) = min[ d + F (t, Mw(t) - Adw(t))
=min [d+F(t,Mw(t)) ] - @ws)

>minF (t, Mw(1))
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=min f (t, Mw(t))
Therefore

min F*(t, Mw(t)) = min f (t, Mw(t)),
max{F"(t,x): 0<t<1 Mw(t)<x<r|

max {d +F(t,x—Adw(t)): 0<t<1, Mw(t)<x<r}

IA

max{d+F(t,x): 0<t<l, Mw(t)<x<r}

{

max{d+F(t,x): 0<t<1 Mw(t)-Adw(t) <x<r—Adw(t)}
{
{

max{d+ f(t,x): 0<t<l, Mw(t)<x<r}
Therefore

max{F"(t,x): 0<t<1 Mw(t)<x<r|

=max{d+f(t,x): 0<t<], MW(t)SXSI’} —(1.9)

and
min{F"(t,x): §<t<1-5, oR<x<R|
=min{d+F(t,x-Adw(t)): 6<t<1-5, oR<x<R|
=min{d+F(t,x): 6<t<1-9, oR-Adw(t)<x<R-Adw(t)}
>min{d+f(t,x): 6<t<1-6, oR-bdlI<x<R]
Therefore

min{F"(t,x): 6<t<1-5, oR<x<R|

>min{d+f(t,x): §<t<1-5, oR-hdl<x<R}-q10
From condition (ii) and inequalities (4.8) and (4.9), we have

M
<
S minF @ Mw@)
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<b r

< .
N max {F"(t,x):0<t <1 Mw(t) <x<r}

Then from Theorem (3.2.2) implies the equation
X" (t)+Ah(t)F"(t,x) =0, > (1.11)
with the boundary conditions (1.2) — (1.4) has a solution X1 , such that

O<Mw(t) <x(t), O<t<land HX1H<I’ when @, <A <.
Let F7(t,x) = max{F*(t, X), 0} and consider the equation

XM (t) + Ah(t)F™(t,x) =0, 1)
with the boundary conditions (1.2) — (1.4).

It is clear that a function X = X(t) is a positive solution of Equ. (1.12) with (1.2) — (1.4) if X is a fixed point

of the mapping T: K1 —> Kl ,where T is defined by
1
(TX)(©) = A G(t, () F (&, x(s))ds, xe K,
0

Here T isa completely continuous operator.

Let

Ke ={yeK:|y|<r},

Ke={yeK;:|y|=R}.
Suppose d, <A< bl,for XE@K:,

J={te[0,1]: F"(t,x(t)) >0}.

Then

(TX)("2(t) = /1} g(t,s)h(s)F™(s,x(s))ds

=A[ g(t,s)n(s)F"(s,x(s))ds
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<b [g(t,s)h(s)max{F"(s,x):0<s <L x<r}ds

=b [g(t,s)h(s)xmax{F"(s,x):0<s <1, Mw(s) < x<r}ds

<b [g(t,s)h(s)xmax{d +F(s,x):0<s <1, Mw(s) <x<r}ds
bl _J[g(t,s)h(s)ds

jg(t s)h(s)ds.

Since (I'x)(t) satisfy the boundary condition (1.2), then

z

Ty)(®) < M i [ﬁ [o s)h(s)ds}dvdrl ..... dr. .

j (t,s)h(s)ds
J
<r
=[x].
Then we obtain that HTXH < ||X|| ,for X &€ 8K:.

For X &€ 8K; , using condition (iii) and inequality (1.10),

we have

(M)"2(t) = /1} g(t,s)h(s)F (s, x(s))ds
> azl_fg(t,s)h(s)F**(s, X(s))ds
2a,zlfg(t,s)h(s)xmin{F**(s,x):5£s£1—5,o-RSXS Rids

S R 1-6 h d
—azﬁ J5. g(t,s)h(s)ds
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zglfg(t,s)h(s)ds

Similarly, we have

(M) =R=(x].

Then
[TX|2[X]. for x €K
It follows that Equ. (1.12) with the boundary conditions (1.2) — (1.4) has a solution X, such that

r<|x[<R.
From lemma (D), we obtain
X, (1) = &%, | W(t)
> Erw(t),
which implies that U, (t) is also a solution of Equ. (1.11)
with  (1.2) — (1.4).
Now we have shown that equation (1.11) with the boundary conditions (1.2) — (1.4) has two positive solutions X1
and X, satisfying
0<Mw(t) <x (1), %] <r<|%|<R.
Finally we prove that y(t) = X(t) — ﬂdW(’[) is a positive solution of boundary value problem (1.1) — (1.4),

when X is a positive solution of Equ. (1.11) with (1.2) — (1.4).

Let
X(t) = y(t) + Adw(t).

Substituting the above value of X(t) , Equ. (4.11) becomes

y™(t) + Ah(t) [ F*(t, y(t) + Adw(t))—d ] 0. —(1.13)

From Equ.(4.7) we know that
F*(t,X) =d + F(t,x—Adw(t))
F*(t,x)—d = F(t, x— Adw(t)).
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Therefore

F(t, y(t) +Adw(t))—d = F(t, y(t) + Adw(t) — Adw(t))

=F(t,y(1).

Substituting (1.14) in (1.13) we get

yO (t)+Ah(t)F(t, y(t)) =0.

Since

— (1.14)

— (1.15)

min F(t, Mw(t)) =min f (t, Mw(t)).

from the proof of inequality , we get

y(t) > Mw(t).

Then y(t) is also a positive solution of boundary value problem (1.1) — (1.4).

Similarly, if we take

Y1 (1) = X, (t) — Adw(t)

and

Y, (t) =X, (t) — Adw(t),

then we get y1 (t) and y2 (t) are also positive solutions of boundary value problem (1.1) —(1.4).

1. CONCLUSION

Therefore boundary value problem (1.1) — (1.4)
has at least twin positive solutions Y; and Y,
satisfying.

O<Mw(t) <y, (t). |y, <r.and r<|y,|<R,0<t<l,

provided that max{al, az} <A< b1 . Hence the proof of the theorem.
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